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SUMMARY 


*1 


This  report  reviews  the  existing  jet  mixing  theory  and  the  best  avail¬ 
able  experimental  results.  Simple  mixing  equations  are  developed  and 
applied  to  the  following  problems. 

The  average  total  pressure  variation  is  determined  as  a  function  of 
distance  along  a  two-dimensional  jet  from  the  nozzle. 

The  momentum  flux  change  due  to  a  static  pressure  change  at  some  ar¬ 
bitrary  distance  from  the  nozzle  is  calculated. 

The  theory  of  induced  pressure  forces  due  to  free-air  entrainment  is 
developed,  and  potential  flow  solutions  are  given  for  the  case  of  a 
static  jet  issuing  from  a  plane  wall,  a  jet  issuing  into  a  free  stream 
from  the  trailing  edge  of  an  aerofoil  (jet-flap  propulsion)  and  a  stat¬ 
ic  jet  issuing  from  a  wedg-?. 

The  generation  of  vortices  in  the  cushion  region  of  a  GiJM  is  shown  to 
be  due  to  viscous  mixing,  and  a  method  of  calculating  the  lift  loss 
due  to  this  effect  is  shown  to  give  reasonably  good  agreement  with 
experiment.  Altogether,  these  entrainment  effects  can  result  in  the 
actual  lift  of  an  annular  jet  GEM  being  as  much  as  20  per  cent  lower 
than  the  lift  which  would  be  calculated  using  presently  available 
theoretical  methods,  so  that  it  is  important,  obviously,  to  take  ac¬ 
count  of  them  in  performance  calculations. 

The  effect  of  jet  mixing  on  the  central  cushion  pressure  is  also  in¬ 
vestigated,  using  both  "thin  jet"  and  "layered  jet"  approaches.  The 
traditional  assumption  of  constant  jet  momentum  flux  is  also  examined 
in  this  section  of  the  report,  and  it  is  shown  to  be  considerably  in 
error.  Fortunately,  the  effect  of  this  assumption  is  to  underesti¬ 
mate  cushion  pressure,  while  the  omission  of  mixing  effects  gives  an 
overestimate.  Since  both  have  been  neglected  in  most  earlier  treat¬ 
ments,  the  two  errors  tend  to  cancel  out  and  the  equations  thus  give 
roughly  the  right  value  for  cushion  pressure. 

The  mixing  equations  are  used  to  estimate  the  total  head  loss  in  a  re¬ 
circulating  jet,  and  good  agreement  with  experiment  is  obtained.  This 
means  that  it  is  now  possible  to  calculate  the  power  requirements  of  a 
recirculating  jet  GEM  and  to  optimize  its  geometry  for  minimum  power 
loss. 

The  report  concludes  with  some  experimental  observations  of  the  static 
pressure  distribution  in  the  vicinity  of  a  two-dimensional  nozzle  of 
complex  shape. 
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SECTION  ONE 


INTRODUCTION 


1.1  The  General  Problem. 


Because  of  viscosity,  a  true  velocity  discontinuity  can  never  exist 
between  two  streams  of  air.  As  soon  as  an  air  jet  emerges  from  a  noz¬ 
zle,  it  starts  to  carry  along  with  it  some  of  the  previously  station¬ 
ary  atmospheric  air,  and  in  the  process  of  accelerating  this 
"entrained"  air,  gives  up  some  of  its  own  momentum.  For  this  reason 
the  velocity  profile  of  a  jet  changes  rapidly  as  it  travels  downstream 
from  its  nozzle,  and  accelerates  progressively  more  and  more  of  the 
free  air  around  it,  until  it  soon  loses  all  resemblance  to  a  discrete 
jet. 

Also,  since  the  free  air  in  the  immediate  vicinity  is  accelerating  to 
move  with  the  jet,  the  pressure  distribution  over  any  solid  bodies 
near  the  jet  will  be  modified  by  the  secondary  airflow,  the  results  of 
which  may  be  beneficial  or  adverse,  depending  op  the  nature  of  the 
problem. 

The  best  known  example  of  this  effect  is  the  "mixing  drag"  experienced 
by  a  jet  engine  in  an  aircraft,  the  mechanism  of  which  is  illustrated 
in  Figure  1.  Since  the  free  air  is  accelerated  by  the  jet,  an  area  of 
suction  is  generated  over  the  rear  portions  of  the  nacelle. 


AREA  OF  LOV;  STATIC  PRESSURE  OVER  NACELLE  DUE 
TO  ACCELERATED  FLOW  OF  ENTRAINED  AIR 


Figure  1.  Static  Pressure  Distribution  Over  Rear  of 
Jet  Engine  Nacelle  Caused  by  Free-Air  Entrainment. 


2 


Since  the  forces  caused  by  this  suction  are  inclined  backwards,  due  to 
the  shape  of  the  nacelle,  their  horizontal  component  constitutes  a  drag 
which  reduces  the  total  thrust  of  the  engine-nacelle  combination.  In 
this  case  the  mixing  drag  forces  are  usually  quite  small,  amounting  to 
perhaps  1  or  2  per  cent  of  the  engine  thrust.  However,  it  is  easy  to 
see  that  in  the  case  of  a  long  two-dimens* onal  jet  whose  periphery 
might  be  ten  times  the  periphery  of  the  equivalent  circular  jet,  the 
jet  drag  could  amount  to  from  10  to  20  per  cent  of  the  total  jet  momen¬ 
tum  flux  under  the  same  free-stream  conditions.  Obviously,  this  would 
have  a  large  effect  upon  the  determination  of  optimum  jet  thickness, 
and  a  significant  effect  upon  the  calculated  performance. 

Kuchemann  (Reference  1)  has  observed  that  the  pressure  velocity  ratio 
in  the  region  of  the  nozzle  exit  is  given  roughly  by  the  empirical 
equation 

'/afv*  “  *0,0'(^  "*)  (i) 

where  V  is  the  free-stream  velocity  and  is  the  jet  velocity. 

This  result  is  based  upon  experimental  observations  made  with  a  finite 
free-stream  velocity,  V  ,  and  cannot,  of  course,  be  applied  to  the 
static  case  of  V  =  0  . 

A  second  effect  of  mixing,  and  in  many  ways  the  most  important,  is  the 
effect  which  it  has  on  the  jet.  Until  the  advent  of  jet  flaps  and 
ground  effect  machines,  aerodynamics  was  primarily  concerned  with  the 
reaction  force  obtained  from  a  jet,  or  its  momentum  flux,  neither  of 
which  was  significantly  influenced  by  mixing.  In  fact,  one  of  the  fun¬ 
damental  theorems  of  mixing  is  that  momentum  is  conserved  if  the  proc¬ 
ess  takes  place  at  constant  pressure.  Total  pressure  is  not  concerned, 
however,  so  that  when  we  are  concerned  with  jet  characteristics  some 
way  downstream  of  its  nozzle,  the  picture  bears  little  relationship  to 
the  same  problem  in  inviscid  flow. 

Finally,  we  have  the  problem  that  if  mixing  takes  place  at  a  pressure 
less  than  ambient,  an  increase  in  momentum  will  be  effected  when  ex¬ 
pansion  to  ambient  occurs.  The  reverse  is  true  if  the  mixing  pressure 
is  greater  than  ambient,  and  herein  lies  one  explanation  of  the  jet 
engine  pod  mixing  drag  illustrated  in  Figure  1. 

These,  then,  are  the  problems  to  be  investigated.  We  can  obviously  do 
little  to  prevent  air  being  entrained  in  a  jet  and  little  to  modify  the 
suction  pressure  distribution  which  it  induces  over  the  outer  surfaces 
of  the  nozzle  structure.  As  indicated  in  Figure  2,  our  target  must  lie 
in  obtaining  an  adequate  quantitative  understanding  of  the  losses  due 
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to  free-air  entrainment,  so  that  the  geometry  of  the  nozzle  can  be  op¬ 
timized  to  give  maximum  total  lift. 


(a)  Large  Negative  Lift, 
High  Cushion  Pressure 


(b)  Zero  Negative  Lift, 

Lower  Cushion  Pressure 


Figure  2.  Illustration  of  the  Effect  of  Nozzle 
Geometry  Upon  Negative  Lift  Due  to  Jet  Entrainment. 


The  example  in  Figure  2  illustrates  a  possible  trade-off  in  negative 
lift  acting  on  a  GEM  with  one  other  variable  which  influences  total 
lift;  namely,  the  angle  0  at  which  the  peripheral  jets  are  inclined 
inwards.  Increasing  G  increases  the  cushion  pressure,  all  other  fac¬ 
tors  being  constant,  but  may  also  increase  the  negative  lift  component 
on  the  exterior  of  the  nozzle  and  the  lift  loss  due  to  tne  primary 
cushion  vortex. 

Since  the  total  jet  momentum  flux  must  be  equal  to  the  total  reaction 
force  associated  with  it,  it  follows  that  "negative  lift"  forces  will 
reduce  the  momentum  flux  of  the  jet  in  case  (a)  (in  other  words,  the 
"negative  lift"  suction  gives  rise  to  pressure  forces  which  tend  to  in¬ 
hibit  the  free  acceleration  of  the  entrained  air),  resulting  in  a  re¬ 
duction  of  the  cushion  pressure  relative  to  the  calculated  value.  In 
general,  this  indirect  reduction  of  cushion  pressure  is  more  important 
than  the  actual  negative  lift  forces  induced  around  the  nozzle 
structure. 


t 
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1.2 


0  ' 


Types  of  Jet  Flow. 

As  an  initial  generalization,  jet  flow  may  be  divided  roughly  into  four 
separate  categories,  the  Reynold's  number  (Re)  of  a  jet  determining 
which  category  best  describes  its  behavior. 

Reynold's  number  is  defined  as 


where 


Re 

II 

*\% 

VJL 

-  the 

a) 

=  the 

/ 

=  the 

O 

=  the 

JC  -  a  characteristic  length,  usually 
the  minimum  dimension  across  the 
jet  nozzle. 

At  very  low  velocities  the  flow  of  a  jet  is  laminar  and  is  described  by 
the  Navier-Stokes  equations,  which  are,  for  two-dimensional  flow, 

+  a  +  u-  ^  s.iSt+tA 
’dt  tx  V)  ?  t 


+  v  —  +  ir  SH-  a  _  J.  2£.  4. 
at  ax  ? 


(2) 


where  ^ 


-  the  velocities  and  ordinates  being  as  defined  in  Figure  3. 

The  pressure  term  in^  can  be  eliminated  by  cross- differentiation, 
giving 


£•  +  tt  *  |t_=  JL 


S7ar 


^  —  'bvr  ’bu 


(3) 
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Figure  3.  Fluid  Element  Geometry 
Used  in  Deriving  Equations  of  Notion. 


For  Re  {<  1  we  can  neglect  the  inertial  terms  on  the  left-hand  side  of 
equation  (2),  and  the  resulting  equations  describe  "creeping  flow",  giv¬ 
ing  good  agreement  with  experimental  observations.  Needless  to  say, 
this  is  not  a  flow  condition  which  has  much  practical  application. 

Below  Reynold's  numbers  in  the  range  25  -  1000,  the  flow  pattern  of  a 
jet  is  characteristically  laminar  and  of  the  type  illustrated  in 
Figure  4. 
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(a)  Laminar  Jet  From  an  Orifice  t.b)  Laminar  Jet  From  a  Thin  Tube 
Figure  4.  Typical  Laminar  Flow  Jets. 


A  few  solutions  exist  for  idealized  laminar  jets,  but  again  the 
Reynold's  number  is  so  low  that  the  results  could  only  be  applied  to 
extremely  small  and  light  model  GEM's,  since  Re  =  25  -  1000  implies 
ui  =  .004  -  0.16  ft.^/sec.  at  sea  level.  The  usefulness  of  laminar 
solutions  is  extended  by  three  considerations,  however.  At  high 
Reynold's  numbers,  when  the  jet  is  turbulent,  it  is  surrounded  by  a 
laminar  "sheath"  in  the  region  where  the  local  velocity  is  less  than 
half  the  maximum  jet  velocity.  Secondly,  it  is  (theoretically)  pos¬ 
sible  to  assume  an  effective  "ea  y-viscosity"  coefficient  which  permits 
turbulent  flow  to  be  represented  oy  the  Wavier-Stokes  equations.  The 
"eddy-viscosity"  has  a  much  larger  value  than  the  true  (laminar  flow) 
viscosity  and  is  not  a  linear  function  of  shear  velocity  gradient,  so 
that  its  usefulness  is  very  limited. 

Finally,  it  is  found  that  the  mixing  process  in  a  basically  turbulent 
jet  may  be  laminar  for  a  short  distance  downstream  of  its  nozzle,  so 
that  laminar  theory  may  be  applied  in  this  area. 

Returning  to  our  description  of  jet  characteristics  as  a  function  of 
Reynold's  number,  we  have  seen  that  the  creeping  flow  which  occurs  at 
very  low  values  of  Re  becomes  laminar  as  Re  increases.  A  further  in¬ 
crease  to  the  region  100  <  Re  <  6000  causes  the  jet  to  become  "ragged" 
and  periodic,  as  illustrated  in  Figure  5. 
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Figure  5.  Periodic  Jet  Structure  in  the 
"Transition”  Reynold's  Number  Region. 


Since  the  transition  Reynold's  number  region  corresponds  to  the  range 
.016  <U £  <  0.  375,  it  is  easy  to  see  that  small  models  could  experience 
this  phenomenon.  If  the  exit  of  a  peripheral  jet  were  1/8  of  an  inch 
wide,  for  example,  the  jet  velocity  would  have  to  be  about  36.0  ft. /sec. 
to  insure  that  periodic  jet  flow  did  not  occur,  which  would  correspond 
to  a  cushion  pressure  of  1.0  -  1.5  lb. /ft.2  Thus,  very  lightly  loaded 
models  could  experience  scale  effects  which  would  make  their  performance 
quite  different  than  that  of  geometrically  similar  but  larger  models. 

The  "super-critical”  Reynold's  number  region  starts  at  Re  6000  and 
is  of  course  the  region  of  interest  in  most  practical  applications. 

For  a  two-dimensional  jet,  the  flow  picture  is  roughly  as  indicated  in 
Figure  6. 

It  should  be  noted  that  there  are  two  distinct  flow  regimes  and  that 
the  theoretical  analysis  is  quite  different  in  each  regime.  It  should 
also  be  noted,  as  mentioned  previously,  that  laminar  entrainment  may 
occur  in  the  immediate  vicinity  of  the  nozzle  exit  plane,  as  indicated 
in  Figure  6. 
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MIXING  MAY  BE 
LAMINAR  IN  THIS 
REGION 


(•The  length  of  the  potential  wedge  [or  cone,  for  a  circular  jet] 
varies  with  Reynold's  number  arid  the  turbulence  in  the  initial  jet.) 


Figure  6.  Approximate  Flow  Picture  for  a  Turbulent  Jet. 


1.3 


Dimensional  Properties  of  Two-Dimensional  Jets. 


For  flows  nearly  parallel  to  the  x-axis  (  VT  an  order  of  magnitude  less 
than  UL  ,  say)  we  can  simplify  the  IJavier-Stokes  equations  (2)  to 
Prandtl’s  approximate  boundary  layer  equations: 


a 


4*  -vr 


5a 

•6a 


•fcu.  'bir 


_i  i*  +  j± 

^  "&X  ^ 


(4) 


Figure  7.  Ordinates  for  a  Two-Dimensional  Jet. 


The  pressure^  is  a  function  of  the  external  flow  field  and  is  there¬ 
fore  assumed  to  be  known.  is  constant ,  it  may  be  shown  that  the 
momentum  integral 


(5) 


-  for  any  value  of  x. 

We  also  have  to  assume  that  the  velocity  profile  in  a  jet  is  geometri¬ 
cally  everywhere  the  same  (the  similarity  hypothesis)  for  any  value  of 
x.  Thus,  we  can  write  the  following  equality,  using  the  methods  of  di¬ 
mensional  analysis,  for  a  jet  from  an  infinitely  thin  slots 


In  order  for  this  solution  to  satisfy  equation  (5),  In  order 

to  satisfy  equation  (4),  1.  Thus,  equation  (6)  can  be  written 

more  explicitely  as 

U»  “X*  $  (  b/X**)  (n 


(4), 


for  a  laminar  jet.  Substituting  this  result  into  equation 


U 


a  a* 

3xV! 


(8) 


-  where  OL  is  indeterminate,  corresponding  to  the  angle  of 
spread  of  the  jet.  By  adjusting  (OL)  to  fit  experimental  results  and 
by  putting  the  origin  of  the  coordinates  upstream  of  the  jet  exit 
plane,  equation  (8)  is  found  to  give  good  agreement  with  practice. 


For  a  turbulent  plane  jet  from  an  infinitely  thin  slot,  equations  (4) 
and  (5)  are  still  applicable  if  for  v/e  we  substitute  the  fictitious 
scalar  "eddy  viscosity"  £  in  equation  (4).  It  can  be  shown  that 
2*^  =  ^  ,  as  before,  for  constant  momentum,  and  ^  =  1  for  the  conven¬ 
tional  postulation  of  eddy  viscosity.  Thus 

u.  »  oc*  5  (y/x)  ( 


-  for  a  turbulent  jet,  the  "angle  of  Spread"  again  being  in¬ 
determinate.  Note  that  the  mass  flow  varies  as  Jx  for  a  turbulent 
jet,  so  that  the  fluid  around  it  is  entrained  into  the  jet  as  if  by  a 
nonuniform  line  of  half-sinks. 


Equation  (9)  applies  to  the  flow  from  an  "infinitely  thin"  slot,  so 
that  it  obviously  relates  to  the  zone  of  established  flow  in  Figure  b. 

It  is  possible  to  calculate  the  velocity  distribution  within  the  jet, 
for  both  zones  of  Figure  6,  in  terms  of  the  eddy  viscosity  £  or 
Prandtl's  "mixing  length"  concept  (References  7  and  8)  and  then  to 
determine  the  value  which  gives  best  agreement  with  experimental  obser¬ 
vations.  Such  a  procedure  results  in  a  velocity  distribution,  with  re¬ 
spect  to  y  ,  which  closely  approximates  a  normal  (Gaussian)  probability 
density  function,  so  that  it  is  often  more  convenient  to  use  the  latter. 
It  should  be  emphasized  that  whatever  the  methods  used  to  attack  the 
problem  of  turbulent  jets  theoretically,  we  always  end  up  with  a  con¬ 
stant  which  must  be  determined  by  comparison  with  experiment.  Thus  for 
practical  engineering  results  we  may  as  well  confine  our  theoretical 
analysis  to  those  steps  necessary  to  determine  the  important  variables. 
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such  as  aquation  (9),  and  then  determine  the  appropriate  coefficients 
from  experiment. 

If  this  procedure  is  followed  with  the  assumption  of  a  Gaussian  veloc 
ity  distribution,  we  obtain  the  results 


(x  >0  (11) 

-  where  C*  is  the  arbitrary  constant  which  must  be  determined 
from  experiment.  In  Reference  6,  the  value 

C,  =  0.109  (12) 

has  been  determined,  based  upon  X#/fc  =  5.2,  a  result  which  will  vary 
somewhat  with  both  Reynold's  number  and  the  turbulence  of  the  initial 
jet.  Using  this  value.  Reference  6  gives 


(*  <  *•) 
(X  >  *,) 


(13) 

(14) 


These  results  are  shown  in  Reference  6  to  be  in  good  agreement  with  ex¬ 
periment,  and  for  our  present  purposes  there  is  hardly  any  point  in  at¬ 
tempting  to  derive  more  sophisticated  expressions  or  in  attempting  to 
predict  the  variations  with  Reynold's  number  and  initial  turbulence. 


However,  the  excellence  of  the  experiments  reported  in  Reference  6 
should  not  be  allowed  to  blind  us  to  the  fact  that  they  are  very  incom¬ 
plete,  even  for  the  static  case. 


m' 


Referring  to  Figure  8,  the  Reference  6  measurements  correspond  to  case 
(a)  and  for  a  limited  ranbe  of  Reynold's  numbers  only.  It  is  known 
that  the  entrainment  details  are  influenced  by  both  the  Reynold's  num¬ 
ber  and  the  initial  jet  turbulence.  In  addition,  it  is  reasonable  to 
suppose  that  nozzle  profiles  of  the  types  sketched  in  Figure  8  (b)  and 
(c)  will  significantly  influence  the  entrainment  pattern.  Indeed,  the 
tests  reported  in  Section  Five  of  this  report  show  that  the  apparent 
entrainment  close  to  the  nozzle  is  an  order  of  magnitude  greater  than 
the  values  given  in  Reference  6. 

In  addition  to  this,  the  experiments  are  confined  to  the  static  case. 
Although  we  can  postulate  corrections  for  motion  of  the  ambient  air, 
there  is  a  great  need  for  experimental  investigations  in  this  area. 


1.4  Entrainment  in  a  Two-Dimensional  Static  Jet. 


By  integrating  equations  (10)  and  (11)  with  respect  to  g  and  substi¬ 
tuting  equation  (12)  for  Ct  ,  we  find  that  the  mass  flow  at  any  posi¬ 
tion  1C  is ,  in  relation  to  the  mass  flow  of  the  basic  jet. 


m  x 

— *  =  1  +  0.08  — 

(*< 

(15) 

-  °-62J? 

c*>  *•) 

(16) 
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Figure  10.  Variation  of  Entrainment  Function 
Derivative  dn /d(x/t)  With  */k . 


In  fact,  for  many  applications,  we  can  obviously  take 


d(x/t) 


as  a  universal  constant. 


(19) 


These  values  are  much  larger  than  those  assumed  by  Chaplin  in  Reference 
17,  which  are 


dn 

dCx/t) 


(for  25  <  5.o) 


dn 

d(x/t) 


jfy-  (forf  >  5-0) 


1.5  Entrainment  in  a  Jet  With  an  Axial  Free-Stream  Flow  Field. 


When  a  jet  exhausts  into  an  axial  free-stream  ( U0  ) ,  we  assume,  follow¬ 
ing  a  suggestion  made  by  Kuchemann  in  Reference  1,  that  the  rate  of 
mixing  is  proportional  to  the  shear  velocity  (  UL  ). 
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This  amounts  to  multiplying  the  x-ordinates  by  the  factor 


(2 

y;-  u.  i  - 

so  that  the  entrainment  functions  become,  from  equations  (17) 

and  (18) 


(x  < 


(X  >  =0 


« 

d(x/i)  * 


<x  <  x,,-) 


(x  >  aO 


(21) 


(22) 


Kuchemann’s  hypothesis  is  obviously  limited  to  the  consideration  of 
entrainment  in  the  vicinity  of  the  nozzle  if  we  take  ^  to  be  the 
nozzle  velocity;  otherwise  equations  (21)  would  give  infinite  entrain¬ 
ment  as  1C  — oo  resulting  in  infinite  jet  drag.  The  actual  entrain¬ 
ment  at  infinity  can  be  obtained  by  assuming  to  be  the  local  value, 
and  substituting 

vr  =  Cx  >  x») 

V>  )  *  n 

-  into  equation  (22)  and  solving  the  resulting  differential 
equation. 


1.6  Entrainment  in  a  Jet  With  a  Normal  Free-Stream  Flow  Field. 

Because  of  the  existence  of  the  jet,  a  transverse  flow  field,  as  such, 
cannot  occur  across  it.  Instead,  an  initially  normal  airflow  (of 
velocity  U0)  will  be  arrested  by  the  jet  (resulting  in  a  local  static 
pressure  differential  of  Atf)  =  ^  Uj  )  or  will  be  deflected  by  the  jet 

in  a  manner  which  will  depend  upon  the  strength  and  size  of  the  jet 
and  the  boundary  conditions. 
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Since  the  pressure  rise  A*  associated  with  stagnation  of  the  free- 
stream  flow  will  also  be  transmitted  to  the  jet,  there  is  no  reason  to 
expect  that  entrainment  will  be  greater  than  for  the  static  case,  at 
least  until  the  pressure  becomes  large  enough  for  the  fluid  to  be  com¬ 
pressed.  However,  it  is  obviously  desirable  to  obtain  experimental 
verification  for  this  hypothesis  as  soon  as  possible. 


1.7  Total  Pressure  Loss  Due  to  Static  Mixing. 

At  constant  static  pressure,  momentum  remains  constant  along  a  jet,  so 
that 


u\»A 


=  constant 


If  we  define  as  the  mass  flow  of  a  jet, 


that  is. 


m 


-  then  the  mean  jet  velocity  VT  is  defined  by 


(23) 


(24) 


tn  ir 


or 


If 


J.  u*<iA 
So  U  d  »\ 


m*  IT* 

tn 


The  mean  total  head  in  the  -jet  is  therefore 


-p  »  t  + 
*  • 


(25) 


(26) 
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Thus  ths  dynamic  head  in  the  jet  is  a  unique  function  of  (ac|tr). 


■  Hf) 


(\  +  ,ot*A)* 


UVV  */t 


C*  <  *•) 


(x  >  -x-o) 


This  equation  is  plotted  in  Figure  11. 


(27) 


1. 8  Momentum  Change  Due  to  a  Static  Pressure  Change. 

The  momentum  at  any  point  in  a  jet  is  defined  by 

V  =J  |  (T-1>)  (28) 

-  when  \S  and  T  are  the  mean  velocity  and  mean  total  head  defined 


in  the 

previous  section. 

Now 

(29) 

*■(!)**  s5*(x> 

(30) 

At  the 

initial  (jet)  pressure  ^ 

=  m,  v. 

(31) 

?  =  T.  +  (%?  a. 

(32) 

3* 

II 

3M3* 

3* 

O 

(33) 
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Figure  11.  Ratio  of  Dynamic  Pressure  ^  in  Jet  To 
Initial  Value  As  A  Function  of  Jet  Length. 
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When  the  static  pressure  changes  suddenly  to^>  ,  at  a  plane  in 
the  velocity  changes  suddenly  also  and  becomes 


|  (v*) 


(34) 


The  momentum  flux  after  the  pressure  change  is 


(35) 


m.V. 


3_ 

T„ 


(TV 


iV* 1 


(36) 


Obviously  if  ^  >>»  there  will  be  a  gain  in  momentum  flux  across  the 
static  pressure  discontinuity,  and  a  loss  if  . 


It  is  also  of  interest  to  express  the  momentum  flux  in  relation  to  the 
value  obtained  if  the  jet  pressure  were  ambient  ).  This  can  be 

done  by  assuming  either  constant  mass  flow  or  constant  total  head  at 
the  nozzle. 


When  the  nozzle  mass  flow  is  independent  of  nozzle  static  pressure, 
equation  (36)  obviously  still  applies. 


When  the  nozzle  total  pressure  is  the  constant  quantity  with  respect  to 
nozzle  static  pressure 


+iK 

•,  I  .  .  (37) 

*•  "  J  %. 

ma!  ?  *  h'°(^)  (38) 
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(39) 

(40) 

(41) 

(42) 


Obviously  T.  >J<x  so  long  as  the  jet  entrainment  term  (  *./&.  )  is 
finite  and  Thus  we  can  summarize  by  saying  that  momentum 

flux  is  always  increased  when  a  jet  passes  into  a  reduced  static  pres¬ 
sure  field,  and  that  jet  mixing  actually  increases  the  gain  because  of 
the  increase  in  mass  flow  which  it  contributes* 


1.9  Momentum  Flux  of  Entrained  Air. 

Continuing  the  gross  analysis  of  the  two  preceding  sections,  it  is  of 
interest  to  calculate  the  gross  momentum  flux  of  the  entrained  air. 
Since  from  equation  (25), 

«  mif  *  *0  0  ^4  (*»3) 


and 


-  the  entrained  air  momentum  flux 

»  n  »  n  W.(^jf)  ^ 

—  -  n 

j*  ( *  ♦  o 


(44) 
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The  momentum  flux  of  the  air  entrained  on  one  side  of  the  jet  only  (as 
in  the  cushion  vortex  problem)  is,  of  course,  half  the  value  given  by 
equat  .n  (44). 
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SECTION  TWO 


INDUCED  FORCES  DUE  TO  FREE-AIR  ENTRAINMENT 


We  may  represent  the  entrainment 
line  of  sinks,  the  streamlines 
associated  with  which  are  as 
sketched  in  Figure  12.  Since 
any  streamline  may  be  replaced 
by  a  solid  boundary  (such  as 
the  arbitrarily  selected  line 
x  -  o  -  x  in  Figure  12),  we 
can  calculate  the  pressure 
distribution  at  such  a  bound¬ 
ary.  Moreover,  we  can  apply 
our  results  to  any  jet  thick¬ 
ness  simply  by  separating  and 
rotating  the  two  halves  of 
Figure  12,  as  shown  in  Figure 
13.  The  rotation  is  necessary 
to  allow  for  the  increasing 
mass  flow  and  diffusion  of  the 
most  generally  have  a  fairly 
small  effect  on  the  resulting 
pressure  distribution. 

A  limit  solution  is  provided 
by  the  case  of  a  two- 
dimensional  jet  issuing  from 
a  plane  wall,  as  indicated 
in  Figure  14.  In  this  case 
the  streamlines  into  the  jet 
are  all  parallel,  and  the 
velocity  is  numerically 
equal  to  half  the  magnitude 
of  the  sink. 

ft.^/ft.^sec. 


of  air  in  a  jet  by  a  uniform  half- 


Figure  12.  Half-Line  of  Sinks, 
jet  as  x  increases,  of  course,  but  will 


Figure  13.  Simulation  of  a  Thick  Jet. 


Figure  14.  Two-Dimensional  Jet 
Issuing  From  a  Plane  Wall. 


The  static  pressure  on  the  wall  is  therefore  given  by 


or 


+  5  ?  v" 

.a 


*r-s?v‘  ■-*?«) 


Thus  the  "jet  drag"  force  is 

-af  =  ^  p  ^  =  JeM*Y 


-  per  unit  width. 


(45) 


(46) 


Now  the  sink  magnitude  is  related  to  the  entrainment  function  ( )  by 
the  equation 


V\=  i  VJT 

dL  DC  J 

(so  that  —  =  “  )• 

J 


dn 


dL  (*7*0 


h; 


(47) 
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The  jet  thrust  per  unit  length  is 


^tvr 


(48) 


Thus  the  ratio  of  jet  drag  to  thrust  is 


-AF 


f  a**  ]a 

+  9  tV*  [cUx/^J 


v  (7)  [d 


■>*\ 
dr>  "la 

d(*/3)J 


(49) 


If  we  use  the  approximation  dt%Jd(xl$)  -  .08  [from  equation  (19)] 


-AF 


.0016 


(ft 


(50) 


Thus  if  *{  ,  the  loss  is  very  much  less  than  1  per  cent. 


We  can  extend  this  simple  case  to  include  the  influence  of  a  free- 
stream  velocity  U*  •  as  shown  in  Figure  15  for  the  case  of  a  jet  issu¬ 
ing  from  a  semi-infinite  wedge. 


TfT  ^ 
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The  resultant  velocity  is  given  by 


U*  +  va 


(51) 


and  the  wedge  half-angle  by 

Jk*\  0  *  V 

d.  (5 

This  analogy  is  very  limited,  however,  in  that,  since  “IT  is  a  function 
of  ( vj  -  u«  ),  we  can  only  obtain  a  solution  for  one  particular  value 
of  U0  for  a  given  wedge 
angle.  However,  it  is 
of  value  in  enabling  us 
to  predict  the  more 
general  effect  of  a 
free-stream  velocity, 
using  the  following 
reasoning.  When  no 
mixing  takes  place, 
the  flow  picture  is  as 
shown  in  Figure  16 
with  a  relatively  high 
static  pressure  at  the 
trailing  edge.  When 
mixing  takes  place,  on 
the  other  hand,  the 
air  at  the  trailing 
edge  is  turned  through 
a  smaller  angle  0-  $  , 
where  sin  4  =v/v  ,  so  Figure  16.  Flow  Off  a  Wedge 

that  the  trailing  edge  When  No  Jet  Mixing  Occurs, 

static  pressure  is  less, 

resulting  in  an  apparent  increase  in  drag  due  to  mixing. 
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2.1 


Potential  Flow  Solution  to  the  Jet  Drag  Problem 


Figure  17.  Flow  in  an  Obtuse  Angle. 


The  potential  flow  function  in  Figure  17  is 


0> 


On  polar  coordinates,  writing 


n 

3-  * 


(i  <  n  <3^ 


(53) 


U> 


—  rn  (coo  n  9  1  sl*\  <p^ 


giving 


4> 


a 

n 

n 


cpo  t>  ^ 


For>|f=  0,  sinnf  =  0,^  =  ^21  (n  =  0,  1,  2...) 

Thus,  one  boundary  is  given  by  the  straight  line  at  <p 
at  <p  =  . 


(54) 

(55) 

(56) 


0 ,  the  second 
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That  is,  8  =  -  9  *  Tt  ^  \ 


so  that  V\ 


\ 


\  —  ®/lT 

The  radial  and  circumferential  velocity  components  are 

u.  -  J. 

r  *  9 

-  so  that  the  resultant  velocity 

V*.  +  (4^) 


-  which  from  equation  (56)  is 


— L  |.23fcj  *  ^  |2lL  =  o?t^^  'cddan^ 

,  [arMsi^  n<p] 


a  a  a(n-0  .  ^ 

-  a?r  SJ^r>9 


V*  *  aaracn-i) 

Thus ,  the  absolute  velocity  is  a  function  only  ofr  ,  andV 

O 

-L+  ^  a»  ra(n-° 

-  the  pressure  distribution  is  known. 

Let  us  define  the  velocity  at  some  radius  R  as 


(57) 


(58) 


as 


Y  -8 

Since 


or 


(59) 


U*  *  aR 


n~i 


(60) 
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e 


Then 


and 


u, 


^•1 


a  = 

»t  =  (j 


r) 


a(«>-0 


A  small  increase  &T\  in  f>  will  give 


*t»n  + 


AD. 


- 


a 


5  ?  V 


,  a  (r\+&t\-0  a  (n- 0 

(-f)  -(« 


R  1  *  R 

Integrating  between  0  and  R 


AF 


and  since  &nis  small 


(3l  n  -  \)  +  £  An 


,  f*  (6K  +  &r>  ~  6Pn)<*r 
Jo  5  *  U* 

=  r  r — i —  — j —  i 

l^n  ♦  a An-»  an-1  J 

*£5}  ■ 

■I 


At 


*+&n 


-  A* 


At  Vc  R 


2L 


(61) 


(62) 


(63) 


Since 


n 


-  A  Aft 


»-  */n 


»  +•/» 

i  -•/* 


(64) 


(65) 
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Also 


h  -v  &n  « 


(  l-  ®/l»)  -  */!t  (1-^*)  (•-*/■)* 


a&n  = 


a  8a 


0 -*n> 


_ ,  a  Vn 

<an-0*  0  +®^)* 

-  if  ill  is  small  in  relation  to  (1  -  •a,  ) .  The  change  in 
drag  due  to  the  small  angular  change  is  of  course  $m  0 . 

The  small  angalar  change  &  is  given  by 


(66) 


But 


"torn 


IT 

UR 


V  *  V, 


da 


J  d(*/t) 


(from  equation  47) 


,0U  \T  (  I  -  ^  )  (from  equation  22) 

J  '  Mj  / 


.  *  a  .04.  JS.  (|-  \ 


(67) 


Thus 


ov(^-') 


r  _  .08  /Vi  _  i  \ 

&  if  (  \  *  •/V)1  l  Ud  ) 


(68) 


(69) 


-  which  has  the  same  form  as  Kuchemann's  static  pressure  equa¬ 
tion  given  as  equation  (1).  The  actual  force  decrement  in  the  direc¬ 
tion  of  jet  thrust  is 
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(70) 


and  since  the  jet  thrust  is 


V  =  *m(ar(4-') 

where  K  -  *°* 

where  K  -  „  (  +  e/ll) 

For  0  =  10°  20°  30°  40°  50° 

K  =  .0228  .0206  .0187  .0170  .0156 

~eord"r  K  =  R*Vn0  ,  as  shown  in  Figure  18. 
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Figure  18.  Definition  of  Geometry  and 
Sketch  of  Velocity  Ratio  Function. 
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In  Kuchemann’s  empirical  equation  (1),  if  the  pressure  change  is 
assumed  to  react  over  the  entire  rear  end  of  the  nozzle  structure,  then 
the  coefficient  K  =  *01.  This  difference  is  explainable  on  the  basis 
of  boundary  layer  effects,  in  that  entrainment  will  tend  to  reduce  the 
momentum  thickness  of  the  boundary  layer. 


2.2  Momentum  Loss  Under  Static  Conditions. 


We  have  already  obtained  a  solution  for  the  limit  case  of  Figure  14, 
and  we  now  proceed  to  the  more  general  case  depicted  in  Figure  19. 


Figure  19.  Two-Dimensional  Static 
Jet  Issuing  From  a  Wedge. 


Although,  as  indicated  in  Figures  12  and  13,  this  class  .  :  problem  is 
amenable  to  a  potential  flow  solution,  our  uncertainty  as  to  the  en¬ 
trainment  function,  and  the  relatively  small  forces  generated  [as  ev¬ 
idenced  by  equation  (50)]  would  seem  to  render  such  sophistication  out 
of  place.  In  other  words,  although  we  have  measured  entrainment  func¬ 
tions  available  for  the  case  illustrated  in  Figure  14,  we  have  arbi¬ 
trarily  to  assume  that  these  are  also  true  for  the  case  of  Figure  19. 
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Ignoring  boundary  layer  effects,  the  air  moving  next  to  the  wedge  wall, 
with  a  velocity  is  entrained  in  tht-  length  tkOZ  of  the  jet  immedi¬ 

ately  following  the  nozzle  exit  plane.  From  equation  (17)  the  mass  of 
this  flow  is 


tv  »  .OV  (73) 

The  thickness  of  this  layer  is  A X  S\n 0  at  the  jet  so  that  for  conti¬ 
nuity  of  mass  flow 

1C  SH\  9  ^  *  .  01*  t  Vj  ^ 

"Og  _  *0W  (74) 

\Sj  ~  sin  e 

-  where  \T^  i*»  the  velocity  immediately  prior  to  entering  the 
jet.  At  some  distance  away  from  the  jet  if  ^  1%  ,  of  course,  because 
of  the  assumed  flow  pattern  sketched  in  Figure  19. 

If  we  ignore  this,  however,  the  local  pressure  differential  will  be 

3  '7fve  <«) 


and  the  resultant  horizontal  force  (on  two  wedge  surfaces)  is 

»  a x k  * i ? «;*($-.)* 

since  *Tj  s  UJ* 

"Af  _  «00l£  (h/t) 

T,  "  *»na  0 

-  which  agrees  with  equation  (50)  for  e  =  "/a 


(76) 
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In  general,  because  of  the  acceleration  of  the  entrained  flow,  equation 
(26)  should  usually  result  in  an  overestimate  for  large  values  of  V\/t, 
when  the  exterior  jet  surface  is  (relatively)  plane.  As  shown  in  Sec¬ 
tion  Five,  however,  discontinuities  in  the  nozzle  surface  can  result  in 
much  higher  values  of  than  would  be  calculated  from  equation  (76) 

if  0  were  measured  close  to  the  jet.  A  great  deal  more  work  remains  to 
be  done  before  this  aspect  can  be  clarified. 


2.3  Discussion  of  Thrust  Loss  in  an  Axial  Stream. 


The  greatest  thrust  loss  in  axial  flow  is  seen  to  occur  whenUg- 
the  condition  for  maximum  propulsive  efficiency.  In  this  condition. 


for 

h 

II 

& 

• 

=  0.5  per  cent 

for 

K 

=  2.5  per  cent 

-  results  which  indicate  that  tho  effect  is  small.  In  the  cue 
of  a  jet-flapped  wing,  however,  particularly  if  the  jet  flap  is  par¬ 
tially  deflected,  the  results  of  mixing  can  be  very  much  more  severe. 

Under  static  conditions,  the  theory  of  Section  2.2  predicts  a  generally 
greater  thrust  loss  than  for  the  case  of  axial  flow,  rising  to  as  high 
as  5  per  cent  for  0  =  10°  and  h/^  =1.0  (Figure  20).  These  high 

values  are  by  no  means  unreasonable,  a  static  thrust  loss  of  5  per  cent 
having  been  reported  in  at  least  one  jet-flapped  wing  experiment. 
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PER  UNIT  (K/*,  ). 


0  0,2  0,4  ’  0.6  '  0.8  ’  1.0 

FREE-STREAM  VELOCITY  RATIO  U/^J 

Figurs  20.  Thrust  Loss  Forh/t»  =  1*0. 
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In  addition,  while  we  should  not  lose  "ight  of  the  essentially  heuris¬ 
tic  arguments  applied  to  the  calculation  of  static  thrust  loss,  partic¬ 
ularly  the  assumption  of  constant  velocity  over  the  nozzle  fairing,  it 
should  be  borne  in  mind  that  this  is  a  fair  representation  of  a  flow 
picture  which  occurs  in  many  practical  cases,  due  to  the  proximity  of 
the  ground,  as  illustrated  in  Figure  21. 


Figure  21.  External  Induced  Air-Flow. 


In  such  cases,  the  "negative  lift"  can  be  assumed  to  be  approximately 


-  .0003  0  VT*  «{ 

(77) 

X  e 

or  At 

’-•0008  (t)  3SS 

(78) 

- 

the  limit  on  0  being  arbitrary. 
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2.4 


Vorticity  Induced  in  the  Cushion  Region  of  a  GEM. 


We  assume  that  the  vis  :ous  shear  between  the  cushion  air  and  an  annular 
jet  generates  a  vortex  of  i.omentum  flux  *  as  shown  in  Figure  22. 


Then 


K 


(  \  +  s\*  ©) 


(79) 


and  for  zero  energy  loss  in  the  vertex 

a  j, 

=  -p— 

*f\  *  M>*  -  ii. 
or  ih  =  j-  i.  _ L_ 

AV*  *  («  +  *\n0) 


(80) 


(81) 


In  order  to  predict  the  loss  of  lift  occasioned  by  this  effect,  we 
need  to  know  the  ratio  3|  / 3Tj  and  the  cushion  area  covered  by  the  vor¬ 
tex.  Referring  to  Figure  23,  we  see  that  we  can  logically  expect  the 
entrainment  in  region  A  to  be  the  value  associated  with  entrainment  of 
stationary  atmosphere  in  a  jet.  In  region  b,  however,  the  entrainment 
will  be  less  than  for  a  stationary  atmosphere,  because  of  the  effect 
postulated  in  Section  1.5  of  this  report,  occasioned  by  vortex  rotation. 
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Figure  23.  Geometry  of  Vortex  Fntrainment. 


If  the  vortex  is  relatively  weak,  the  entrainment  ratio  for  stationary 
air  may  be  an  acceptable  average  to  the  complex  entrainment  picture  ac¬ 
tually  occurring. 

Th<3  length  of  the  inner  surface  of  the  jet  is  -efined  by  geometrical 
considerations,  as  indicated  in  Figure  24. 


The  circumference  of  the 
upper  section  is 

S*  =  Or 

Now  ( 1  4  5  W  0) 


r 


V> 

\  4-  s'm  0 


is  defined  as  shown, 
being 

S,  =  r  4 


(82) 


(83) 


(84) 


h 


v 


Figure  24.  Geometry  of 
Inner  Jet  Boundary. 
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3/4  -(l/4)SmO 


(85) 


Thus  the  effective  jet  length  is 


Sx  4-  =  — - - ["04-  8'n  '  (i  -  t  0)1 

1  *  O+t\n0)L  *  «*  'J 


(86) 


-  a  relationship  plotted  in  Figure  25.  Obviously,  it  is  suffi¬ 
ciently  accurate  to  write 


S,  +  S. 


k  K 


(87) 


where  fe  0. 03l 

FrciT!  equation  (44)  the  moment um  fJux  of  the  vortex  is 

A.  .  £* 


n  +  1 

From  equations  (17)  and  (87) 


(88) 


=  .08  x  0.82  — ■ 

4, 


j,  .o3a« 

so  that  —  =  — 

3j  (\  ♦  .OSSfth't) 

-  a  relationship  which  is  plotted  in  Figure  26. 
Substituting  equation  (90)  in  equation  (81), 


(89) 


(90) 


.0656  Vt _ 

>+.0656kA,  (\4-S\n0) 
.0656 


(91) 


X  4*  .0656  O  +  S'me) 


(92) 


EFFECTIVE  JET  MIXING  LENGTH 


0 


- I - - 

2  4  6 

HOVER  HEIGHT  RATIO  *V*. 


Figure  26.  Ratio  of  Momentum  Flux  in  the  Primary 
Cushion  Vorte  •  To  That  of  the  Jet. 


41 


where  X 


*p. 


M>. 


J,  0+Sw»*l 


■  i  _  J|  3 

*>  3)  (\**V 

.  l-(if  — 3- 

V  3,)  IMli 


,  ,  -  (if  _i_ 

V  a,  /  i  ^  «\n  e 

Equations  (91)  a r.d  (94)  are  plotted  in  Figure  28,  where  it  is  seen  that 
the  influence  cf  the  secondary  vertex  is  quite  srr.all. 


BLANK  PAGE 

« 


RATIO  OF  VORTEX  TO  CUSHION  PRESSURE  A|> /ftfe 

O  O  o  r  ^ 


HOVER  HEIGHT  RATIO  h/t 


Figure  28.  Static  Pressure  in  Cushion  Vortices  As  A  Ratio 
of  Basic  Cushion  Pressure.  (No  Momentum  Loss). 
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It  should  be  noted  that  the  theoretical  pressure  distribution  will  be 
similar  to  Figure  29, 
if  the  cushion  vortex 
hypothesis  is  valid, 
so  that  pressure  meas¬ 
urement  with  a  limited 
number  of  static  pres¬ 
sure  taps  may  give  mis¬ 
leading  results.  A 
measurement  at  (A) 
would  give  too  high  a 
reading,  and  at  (B) 
too  low  a  reading. 

It  is  important  to  note, 
however,  that  the  total 
lift  will  not  be  in¬ 
fluenced  by  vortex  flow 
if  it  has  zero  loss  and 
•if  the  vortices  are 
"square",  because  the 
vertical  momentum  is 
equal  to  the  horizon¬ 
tal  momentum. 


•-V 


Figure  29.  Theoretical  Static  Pres¬ 
sure  Distribution  Under  a  GEM. 

If  we  assume  100  per  cent 

momentum  loss,  the  horizontal  momentum  flux  is  instead  of  2J",  so 
that  the  pressure  decrements  are  half  the  values  given  by  equations 
(91)  and  (94),  and  the  lift  loss  would  be  approximately  the  value  to  be 
expected  from  this  decrement. 

In  practice  the  pressure  distribution  is  not  so  regular  as  that  sketched 
in  Figure  29,  and  tends 
to  be  of  the  type 
sketched  in  Figure  30. 

By  assuming  a  rectangu¬ 
lar  primary  vortex  we 
can  obtain  an  average 
value  for  .  Some 
experimental  results 
ave’raged  in  this  manner 
are  compared  with 
theory  in  Figure  31. 
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Preference  11  (uncorrected) 


0  REFERENCE  10 


Figure  31.  Calculated  Vortex  Pressure  Compared 
With  Experiments  Reported  in  Reference  10. 
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Although  there  is  apparently  a  great  deal  of  scatter,  particularly  at 
low  lift  ratios,  the  general  trends  seem  to  be  in  fair  agreement. 
Moreover,  there  are  so  many  practical  difficulties  in  experimental  work 
of  this  type  that  it  is  unsafe  to  place  too  much  reliance  upon  the  ex¬ 
perimental  measurements.  For  example,  the  cushion  pressure,  measured 
at  the  center  of  the  rig,  is  plotted  in  Figure  32  for  the  Reference  11 
experiments.  We  know  from  experience  that  layered  jet  theory  always 
gives  good  agreement  with  theory  under  these  conditions,  so  that  cush¬ 
ion  air  leakage  must  be  occurring,  to  give  the  effect  analyzed  in 
Reference  12.  This  is  a  very  common  problem  with  two-dimensional  test 
rigs,  although  it  is  also  possible  that  is  measured  some  distance 

upstream  of  the  nozzle  and  that  significant  losses  occur  after  the  meas¬ 
uring  station. 

In  either  case,  we  can  correct  the  Reference  11  measurements  of&fy  by 
ratioing  the  decrement  by  the  values  of  theory  to  experiment  in  Figure 
32.  The  results  of  such  a  correction  are  plotted  in  Figure  33,  and  the 
agreement  between  theory  and  experiment  is  now  obviously  much  better 
than  in  Figure  31.  The  fact  that  the  measured  4^,  is  less  than  the 
theoretical  value  at  large  lift  values  is  explainable  by  the  fact  that 
we  have  used  equation  (15)  throughout  to  calculate  entrainment,  rather 
than  equations  (15)  and  (16)  together. 

We  conclude,  tentatively,  that  the  primary  vortex  pressure  decrement 
can  be  assumed  to  act  over  a  distance  (H  )  in  from  the  nozzle,  where 
H  is  the  hover  height,  and  that  the  value  given  by  equation  (91) 
should  be  used. 
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Figure  33.  Reference  11  Vortex  Pressure  Data 
Corrected  For  Test  Rig  Leakage  0=0. 
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2.5 


The  Effect  of  Raising  the  Cushion  Volume. 


If  the  height  of  the 
cushion  )  is 
greater  than  the 
height  of  the  jet 
nozzle  (hi  ),  then 
equation  (81)  becomes 


— '  (94) 

hjO+tmW 


indicating  that  the 
vortex  pressure 

decrement  is  reduced  Figure  34.  Increased  Cushion  Volume, 

by  the  factor 

Thus,  increasing  the  cushion  volume  reduces  the  lift  loss  due  to  cush¬ 
ion  vorticity  if  the  present  assumptions  are  correct. 


2.6  Loss  of  Cushion  Lift  Due  to  Cushion  Vortex  Flow. 


We  are  now  in  a  posi¬ 
tion  to  calculate  the 
loss  of  lift  due  to 
cushion  vorticity, 
since  we  assume  equa¬ 
tion  (91)  to  act  over 
a  distance  h  in  from 
the  nozzle.  For  a 
rectangular  cushion 
planform,  as  shown 
in  Figure  35,  the 
normal  cushion  area 
is 


Figure  35.  Rectangular  Cushion  Planform. 


The  area  over  which  the  reduced  pressure  acts  is 


&Ae*  a<x\*  +a(t>-avt)h 
*  ah(a  +  b  -ah) 


(95) 
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The  cushion  lift  is 


lc  =  *t>e  At AA; 


Lc 

AttAe 

Substituting 


equttion  (91)  for 


_±c 


.1319 

+  .0€56(£)]0  +  «me> 

(96) 


(97) 


For  a  circular  cushion  planform,  of  diameter 

A  Ac 

Ac  ’  Zi* 


The  ratio  Aft  is  plotted  in  Figure  36  for  a  circular  planfonn 

for  6  =  30°.  Since  the  theory  can  only  apply  if 

aW  <  » 

we  have  a  limitation 


Jl  <  1 

t  a<*/®> 


(99) 


-  the  equality  representing  the  entire  cushion  filled  by  the 
primary  vortex.  Naturally,  we  cannot  expect  this  to  occur  in  practice 
because  of  the  rapid  acceleration  of  the  vortex  air  which  would  be  re¬ 
quired  near  the  center  of  the  cushion.  Thus  the  cut-off  value  of  i\/*t 
will  be  less  than  that  indicated  in  Figure  36. 
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Figure  36*  Lose  of  Cushion  Lift  Due  to  Primary 
Vortex  -  Circular  Planform,  0  =  30°. 
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Very  often,  as  shown  in  Figure  37,  an  annular  jat  is  thick  enough  for 
viscous  mixing  to  have  very  little  effect  upon  the  total  lift  of  the 
vehicle. 


2.7  The  Existence  of  Cushion  Vorteces. 


Whether  or  not  a  vortex  pattern  is  set  up  in  the  cushion  will  presum¬ 
ably  depend  upon  three-dimensional  flow  effects  which  are  beyond  the 
scope  of  this  investigation.  When  more  refined  analyses  of  this  flow 
are  carried  out,  we  can  expect  to  discover  parameters  which  will  indi¬ 
cate  whether  a  vortex  can  exist. 

Even  when  no  vortex  exists,  however,  we  can  expect  entrainment  of  the 
cushion  air  to  occur,  resulting  in  a  net  momentum  loss  and  hence  a  re¬ 
duction  in  cushion  pressure. 
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•°5  h/s  °-l  0.2  0.3 


Figure  37.  Model  Data  for  Total 
Lift  Compared  With  Theory. 
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SECTION  THREE 


MIXING  LOSSES  IN  AN  ANNULAR  JET 

In  this  section  we  shall  attempt  to  solve  the  familiar  problem  of  the 
cushion  pressure  generated  by  an  annular  jet,  but  with  the  effects  of 
mixing  included. 

We  shall  also  eliminate  another  approximation;  namely,  the  familiar  one 
that  the  horizontal  momentum  flux  is  |  .  In  fact,  referring 
to  Figure  38,  the  horizontal  momentum  flux  is 

S»n  ©  ♦  (100) 
where  >  T# 


-  because  the  mean  static  pressure  of  the  jet  is  lower  after  it 
strikes  the  ground. 


Figure  38.  Basic  Geometry. 
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From  Figure  38  the  effective  mixing  length  of  the  outside  of  the  jet  is 
approximately 

s  =  r  «•-  doi) 

where  S- h«  f  sSn6) 

Writing  Swt  because  of  entrainment 


Y*  = 


h-b 

\  +  dnd 


(102) 


and 


.  (»-tX¥*e) 

I  +  (in  0 


(103) 


The  mean  mixing  length  is  the  average  of  this  and  equation  (87), 


that  is,  §2.  =  0.41  + 

h  a^»+%$ne) 


(104) 


The  relationship  is  plotted  in  Figure  39,  and  we  can  obviously  take 
a  mean  value  of  £(•)  =  1.44 


so  that  §2  =  0.41  +  0.72  (1  -£) 


(105) 


as  plotted  in  Figure  40. 


From  equations 

(17)  and  (27) 

• 

"\jn 

•  •  "Mf) 

a*  = 

1 

*JM 

[U.oe(^X-f)32 

Also  T  * 

JO 

But  LPj"  « 

4-*%  + 

(106) 

(107) 


(108) 


(109) 
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Figure  40.  Mean  Mixing  Length  Ratio  To 
Point  Where  Jet  Static  Pressure  is  Ambient. 


(110) 


(111) 


(112) 


(113) 


(114) 
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From  equation  (109) 


(115) 


After  soot  manipulation ,  this  reduces  to 


_§«.  «,  0.41  +•  O.T8 (  I  ~ (105) 
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This  equation  is  plotted  in  Figure  41  for  •  *  60°  and  is  sesn  to  give 
slightly  more  cushion  pressure  than  slap is  thin  jet  theory  for 
*Yk  <  3  end  rather  less  for  ^  >  4,  Jn  other  words ,  at  low  hover 

heights  because  the  mean  jet  pressure  is  greater  than  ambient 

prior  to  striking  the  ground,  At  higher  heights  this  is  more  than  off¬ 
set  by  the  loss  of  momentum  flux  due  to  entrainment  of  cushion  air* 


3.2  Layered  Jet  Theory. 

The  effect  of  entrainment  of  cushion  air  is  already  incorporated  in 
layered  jet  theory,  as  given  in  Reference  12,  for  example*  Thus  the 
only  additional  factor  which  needs  to  be  incorporated  is  the  accelera¬ 
tion  of  the  air  due  to  h  *  Although  it  is  obviously  pos¬ 

sible  to  carry  out  a  detailed  analysis  of  these  ef foots,  the  equations 
are  so  complicated  that  more  useful  results  are  obtained  by  devising  an 
expression  for  the  mor  ntum  ratio  (sineA  )  fro*  the  thin  jet  theory  of 
the  previous  section.  ie  obvious  rationale  for  thia  procedure  is,  of 
course,  that  mixing  only  becomes  i*portant  for  the  larger  values  of 
where  thin  jet  t  ieory  is,  in  any  case,  adequate* 

Layered  jet  theory  (Reference  12)  gives 


^4-  =1—6.  (11?) 

where  K  * 

and  sin  el  is  the  ratio  of  the  exhausted  momentum  to  the  total  aeesle 
momentum.  In  terms  of  Figure  38, 


•in  *  »  J* 

3m. 


such. 


-  since  the  vortex 
Thus,  from  equation 


air  recirculates  and  does  not  reduce  as 
(108),  ^ 


sin  ot 


CU9) 
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Figure  41.  Comparison  of  Cushion 
Pressure  Theories  For  0  =  60°. 
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-  and  from  equations  (106)  and  (113), 


oi 


* 


(120) 


If  this  is  substituted  into  equation  (117),  it  is  obviously  impossible 
to  solve  explicitly.  Obviously,  it  is  most  convenient,  therefore,  to 
obtain  a  graphical  solution,  and  this  is  done  by  first  plotting 


Sun  bl 


+ 


±££  r  i  _  ' 

&  l _ ■ 


i 

■ST 


(121) 


h  Lp  ^ 

as  a  function  of  ^  for  various  values  of  .  From  equation  (117) 

we  get  the  relationship  '  1 


X  s 


•  • 


(in  oi 


—  sin  e 


(122) 


(123) 


The  intersections  of  equations  (121)  and  (123)  will  obviously  give  the 
correct  values  of  sin  ot  ,  which  can  then  be  used  in  equation  (117). 

As  an  alternative  (approximate)  approach,  the  ratio  of  the  thin  jet 
values  for  (Figure  41  for  example)  can  be  used  to  ratio  the 

values  obtained  from  equation  (117)  provided  that  this  is  not  done  be¬ 
low  about  =  4.0. 


3.3  Calculation  of  Sin  at  for  Zero  Mixing. 

When  there  is  no  mixing  loss,  sin  •(  >  1.0.  From  Bernoulli, 


101- 

^V3 

O  N 

II 

“  JM 

(124) 

O 

ii 

•  \  2. 

■miU  JM 

(125) 
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But  from  Reference  14 


■ 

0-e-x) 

(126) 

X 

■ 

t  t: p 

JN 

1  -2* 
l  -  e 

X 

(127) 

fim  U  = 

-  <2 

l-e“* 

(128) 

l-e-^ 

X  = 

^  £  l  *"*  *  4-  —  sin  9 

h  i-e*1''*  h 

(129) 

.  an  equality  to  which  no  explicit  solution  can  be  written. 
From  equation  (122)  by  equating  x. 


and  since 


2£.  >-e~* 
h 

wmm  i.i 


1  - 


&MTN  O 


(130) 


t_  (  «-m  el  =  J_i*s  _ 

h  l  J  *  ^  i- 

Thus  we  can  use  this  equation  to  plot 
This  has  been  done  in  Figure  42 ,  for  9  =  60°  and  is  seen  to  give  some¬ 
what  higher  values  of  than  the  simple  layered  jet  theory.  The 

inclusion  of  mixing  losses  will  reduce  these  values,  of  course,  as  in 
Figure  41. 


(131) 


as  a  function  of  . 
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Figure  42.  Effect  of  Allowing  For  Jet  Expansion 
To  Ambient  Without  Mixing.  0  =  60°. 
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SECTION  FOUR 


MIXING  LOSSES  IN  A  RECIRCULATING  JET 


The  basic  geometry  of  a  recirculating  jet  is  illustrated  in  Figure  43, 
where  entrainment  is  seen  to  be  possible  in  three  areas.  It  is  pos¬ 
sible  for  entrainment  of  the  outside  air  to  influence  only  that  part  of 
the  flow  which  is  exhausted  outwards,  provided  that  this  portion  of  the 
jet  is  thick  enough.  In  this  case  there  is  no  total  pressure  loss  in 
the  recirculating  jet,  and  the  effect  of  entrainment  on  the  outwardly 
exhausting  air  is  as  discussed  in  the  previous  section  for  an  annular 
jet. 

The  effective  entrainment  in  the  cavity  zone  can  be  zero  if  a  stable, 
loss-free  vortex  is  established.  In  configurations  so  far  tried,  how¬ 
ever,  there  has  been  no  possibility  of  such  vortex  flow,  because  of  the 
large  diffusion  losses  which  would  occur.  Thus,  present  cavity  zone 
geometries  can  be  regarded  as  giving  the  "worst-case"  loss  of  free-air 
entrainment  in  the  jet. 

Finally,  in  the  third  mixing  zone,  the  relatively  slow-moving  re¬ 
entrant  jet  can  be  assumed  to  experience  free-air  entrainment  on  its 
cushion  side. 

We  shall  now  analyze  each  of  these  losses  in  detail,  in  order  to  deter¬ 
mine  the  total  pressure  loss  attributable  to  all  three  causes.  The 
analysis  will  be  restricted  to  constrained  vortex  flow. 


4.1  Free-Air  Entrainment  Losses. 


This  problem  was  examined  in  Reference  15  for  the  case  of  100  per  cent 
recirculating  flow,  where  it  is  shown  that  the  length  of  jet  affected 
is 


®e_  1  —  e< 

h  \  —  mW>0, 


(132) 


This  equation  is  plotted  in  Figure  44.  From  equation  (107),  the  dynam¬ 
ic  head  reduction  attributable  to  mixing  over  this  length  is 


(133) 
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figure  43.  Partially  Recirculating  Jet. 


If  we  assume  that  the  static  pressure  is  essentially  ambient  in  the 
outer  portions  of  the  jet, 
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*  t  < 

■ 

(±_\ 

q. 

A'Pju 
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[» ♦  -°8(i 

half  of 

the  jet. 

(134) 


4.2  Cavity  Zone  Entrainment  Loss. 

Assuming  that  no  cavity  vortex  flow  is  generated,  we  can  assume  static 
entrainment. 


figure  45.  Geometry  of  Jet  External  Surface. 
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From  Figure  45  and  equation  (102), 


\ 

\  —  Sin  d| 


tu  a  1 

h  I «+  sin  Gt 


(135) 


From  the  geometry 


9  ^  +  rio  COS  01  +  % 


\  _  /%f»  _  oasQ,  _  cosg^  (1 

h  h  I -sin©,  1 4-  sin  ©^ 

(Note  that  the  critical  height  postulated  in  Reference  15  is  reached 
when  y  =  0  in  this  equation.) 

The  inner  jet  radii  are,  approximately. 


I  -  ©| 

i-Vh 

1 4-  sin  dj. 


(137) 


-  assuming  that  the  jet  thickness  is  equal  to  the  exit  plane 
thickness,  for  simplicity.  Thus  the  periphery  in  the  entrainment  zone 
is 


£*  .  3L  +  (jl ,  (iifO (138, 

h  h  I  —  sin  ©|  I  4*  sin  ©^ 
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Substituting  equation  (136)  for 


m  Is.  _  iSSi  _  «•»*»■  +  (i- V Ut-»i  . 

h  h  !♦*!«•»  '  h'l  I -line,  "^t****,) 


(139) 


If  we  assume  that  the  pressure  acts  over  the  inner  half  of  the  jet 


‘V.a  ■  *3*  - 


t’-W 


“d  a<>  <yv  ar. 

A?  AP.  4P 


t'  0+-°8(^Xt' 


|  (140) 


measured  at  the  intake  nozzle ,  over  the  inner  half  of  the  jet. 


4.3  Cushion  Zone  Entrainment  Loss. 


The  jet  periphery  in  the  cushion  is 


h  I  4*  S»n  ©* 

Assuming  the  pressure  to  act  over  the  outer  half  of  the  jet, 

^  -*M('  -%J 

['  *  •“(SXt)]’ 


(141) 


(142) 
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Substituting  equation  (134), 

APr,  _  Apt  _ 


AP« 


iJ  + 


I 


5*1'- 


I 


[t +.oe(Vh')(‘>'t)]% 


} 


(143) 


_  ll+.08(*VKXVe^ 

-  measured  at  the  intake,  over  the  outer  half  of  the  jet.  The 
mean  total  pressure  at  the  intake  is  obviously  the  mean  of:  equations 
(140)  and  (143). 


If  there  is  no  cavity  loss,  the  mean  will  be 


(144) 


If  there  is  no  free-air  loss,  due  to  insulation  by  the  primary  air,  we 
can  take  Sp  =  0. 


4,4  Comparison  With  Experiment. 


Reference  16  contains  some  measurements  of  exit  and  re-entry  total  head 
for  a  partial  recirculation  system,  the  exit  total  head  varying  lin¬ 
early  across  the  exit  plane.  For  the  test  model  (Martin  Model  #1) 

=  •»  s  30°,  -  41.86  in.,  b  =  6.76  in.  From  equation  (136)  the 

"critical  height"  would  therefore  be  given  by 


cos  © 


[pi 


I 


SinO 


I  fftinC 


1 


=  2,31 


'crto 


=  2.68. 


The  experimental  data  is  for  values  of  \  at,  or  in  excess  of,  this 
critical  value. 


Assuming  no  loss  in  momentum  flux  attributable  to  mixing,  the  theoret¬ 
ical  values  of  cavity  and  cushion  pressure  are  plotted  for  this  model 
in  Figure  46,  some  experimental  values  of  being  plotted  for  com¬ 
parison.  Because  both  the  nozzle  pressure  distribution  and  the  mass 
augmentation  ratio vary  for  the  test  data,  the  agreement  is  not 
good,  in  Figure  46,  but  the  absolute  order  of  the  values  is  obviously 
reasonable. 
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These  calculated  values  of  and  have  been  used  to  calculate  the 
total  pressure  drop,  which  is  the  mean  of  equations  (140)  and  (143), 
the  results  being  plotted  in  Figure  46.  The  agreement  with  experiment 
is  evidently  good,  particularly  when  we  remember  that,  in  the  model 
tests,  the  exit  nozzle  total  distribution  was  highly  nonuniform. 
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Figure  46.  Theoretical  Cushion  and  Cavity  Pressure 
For  a  Recirculation  Test  Rig.  8(  :  9^  :  30°. 
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0  MARTIN  MODEL  NO.  1  TEST  DATA.  (REF.  16) 
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Figure  47.  Predicted  and  Measured  Total 
Head  Loss  for  Martin  Model  No.  1. 
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SECTION  FIVE 


SOME  EXPERIMENTAL  MEASUREMENTS  OF  STATIC  PRESSURE  NEAR  A  NOZZLE 


A  full-scale  Frost  Fan  two-dimensional  test  rig  (Reference  15)  was  in¬ 
strumented  with  static  pressure  taps.  Figure  48  shows  the  location  of 
the  taps  relative  to  the  fan  inlet  and  the  results  obtained  are  pre¬ 
sented  in  Figures  49  to  56. 

From  Reference  15,  Appendix  E,  the  Frost  Fan  gives  a  momentum  flux  of 

feJ  *  i"”*(88£f  (»v>)  (145) 


=  0.829(«gj') 


From  equations  (74)  and  (75)  the  static  pressure  decrement  near  the 
nozzle  will  be 


I  /  .Q*\  J 

2Uine/-t 


(146) 


or  $m0  = 

At  1000  r.p.m. 


i 


1250t 

1 


s\»xe  = 


0.765 

.829 


x  125 


115,2 


.0932 


(147) 


(148) 


The  pressure  decrements  close  to  the  nozzle,  corrected  as  (r.p.m. )^  to 
1000  r.p.m.,  are  plotted  in  Figure  57.  Using  the  mean  of  these  values, 
the  effective  value  of  9  is  plotted  in  Figure  58.  Since  the  nominal 
outside  value  of  0  is  45°,  close  to  the  nozzle,  and  the  inside  value 
is  90°,  it  is  obvious  that  the  entrainment  is  much  greater  than  would 
be  indicated  by  the  local  geometry. 
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D 

- NOMINAL  CUSHION  PRESSURE  =  0.66  LB. /FT. 2 


i 

Figure  49.  Static  Pressure  Measurement 

Series  D,  Group  II,  Run  No.  9.  C1000  RPM,K  =  22.75"). 
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Figure  50.  Series  D,  Group  II,  Run  No.  10. 
(1400  RPM.h  =  22.75"). 


-  -  -  -  ..O.'IINAL  CUSHION  FRLSSURL  =  0.6b  LB. /FT. 2 


Figure  51.  Series  J,  Sroup  II,  Run  ;Jo.  11. 
(1000  RPM.h  =  13.75"). 
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Figure  52.  Series  D,  Group  II,  Run  .»o.  12. 
(1400  RPM,  =  13.75"). 
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D 

-  -  -  -  UOMLJAL  CUSHION  PRESSURE  =  0.95  LB. /FT. 2 


Figure  53.  Series  D,  Group  II,  Run  .Jo.  13. 
(1000  RPM,h  =  9.25"). 
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figure  54.  Scries  J,  Srou.)  il,  .<un  No.  14. 
(1400  .UJM,  Vt  =  0.25"). 
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- .< jillliAL  CUJ'ilO.J  PRSSSJR^  =  1.75  L3./F7.2 

Figure  55.  Series  J,  Group  II,  Pun  .Jo.  15. 
(1000  R?:i ,  K  =  4.5"). 
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- .;o.ii;jal  c'jshio.i  prsssurs  =  3.58  Lo./rr.2 

figure  56.  Series  J,  oroup  II,  Run  4io.  16. 

(1400  h  =  4.5"). 
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Figure  57.  Wozzle  Static  Pressure  Decrement  On  Internal 
and  External  Surface.  (Corr-.cted  to  10C0  R ?K). 
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APPENDIX  I 


AN  ANNULAR  JET  VERY  CLOSE  TO  THE  GROUND 


Figure  59.  Annular  Jet  Very  Close  to  the  Ground. 


Consider  the  case  of  Figure  58  where  W-*0.  The  air  in  the  duct  is  es¬ 
sentially  stationary,  so  that  its  static  pressure  is  equal  to  its 
total  pressure  and 


(149) 


The  vehicle  thus  behaves  as  a  plenum  chamber,  and  the  air  mass  flow, 
for  an  outer  periphery C  is 
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APPENDIX  II 


EFFECTIVE  PERIPHERY  OF  A  CIRCULAR  ANNULAR  JET 
In  the  three-dimensional  theory  of  annular  jets  we  use  the  relationship 

C  K  =  Jj  +  5in  9)  (154) 

-  to  determine  the  cushion  pressure  «t»e-  In  other  words,  the 
pressure  acts  on  an  area  CK  to  give  the  horizontal  momentum  flux 

Jjffp  +  S'KM 

We  normally  take  C=  uD  ,  where^  is  the  outside  diameter  of  the 
nozzle,  but  we  shall  now  estimate  this  quantity  more  precisely,  using 
the  assumptions  of  Figure  59,  which  follows  the  theory  of  Section  2.4 
of  this  report. 


Figure  60.  Assumed  Jet  Geometry. 
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Obviously ,  h  =  r  (1+  9>n0  )  +  5  t 


h  -  t 

( I  +  S'in  6 ) 


(155) 


Relative  to  the  jet  <£  in  the  nozzle  exit  plane,  the  radius  of  curva¬ 
ture  is  centered  about  a  point  r  sin  0  outboard.  Thus  the  jet  is  a 
distance  £ 


J  =  rcos$  —  rcos9  (i56) 

-  inboard  of  the  nozzle  (£  .  Thus  if  2  is  the  radius  to  the 
nozzle  and  ^  the  radius  to  the  jet  <£  ,  both  measured  from  the 

cushion  center. 


3.  =  Z-J  =  Z-r  (cos^  -  cos0  ) 


(157) 


Taking  the  upper  half  of  the  jet  first 

sin  4>  =  y  ft 


cos  <t>  =  I  -  (b/r)4 

J 


(h-Vat) 

( 1  -v  s\n  0 ) 


[j>-(3/^~-cos9] 


(158) 


The  incremental  vertical  area  is 
of  the  upper  half  of  the  jet 


Thus  the  total  vertical  area 


A  A 


VI 


( h-  W 

0 +SV 


1  \  —  cos©] 

ix^er  (i¥sm0)  J 


After  some  manipulation. 


A* 


VI 


$‘m0  CoS  6  —  X— §-"l 

az  J 


(159) 
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for  the  lower  half  of  the  jet,  exclusive  of  the  area  *  ^ 
immediately  in  contact  with  the  ground  plane  ** 


(160) 


Thus  the  total  vertical  area  is 


e  .  it  +  0-i»0 

2ir2  "  *1  H  ( i+sln  9) 


u(l  +  ^  ^)s\n0 


+ 


i 


ill  L&Lfl  s\n0  cose- 


|  +  cose- 


(161) 


When  t»/t  <  1.0,  we  take  C  =  TT D  ,  whereD  is  the  diameter  of  the  outer 
nozzle  edge. 

We  evaluate  this  for  the  case  0=0  considered  in  Section  2.4  of  this 
report. 


=ii  4<'-U)+i  ("U^O-D 

=  »  +  0.zi5-£  (bilf 
-  \  +  o.-m  ^[i  -  t(4)(-5)]a 
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mK 


For  the  Reference  13  model,  rr 

T> 


.1125, 


=  0.44375 


=  2.255  —  =  0.254 

7> 

The  ratio  C/VD  is  plotted  in  Figure  60  for  the  Reference  13  model 
and  is  seen  to  be  greater  than  unity  for  h/D  >  0.3.  Thus  the  cush¬ 

ion  pressure  will  decrease  more  rapidly  with  height  above  this  value. 
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l.FFiICTIVi-  CIRCUriFtriliC-  C/wD 


0  0.2  0.4  0.6  0.8  1.0 

HEIGHT  PARAMETER  H/P. 


Figure  61.  Effective  Jet  Circumference  For 
8  =  0,  t/P  =  0.1125 
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APPENDIX  III 


All  EXACT  SOLUTION  FOR  A  LAMINAR  JET 


Schlichting  and  Bickley  (2)  have  obtained  a  laminar  solution  for  a 
plane  jet  issuing  from  a  slot,  as  sketched  in  Figure  61. 


Figure  62.  Laminar  Jet  From  a  Slot. 


Takj.ngX»y  ordinates  about  the  jet  ,  and  assuming  the  jet  is  infi¬ 
nitely  narrow  (but  of  finite  momentuinM0)»  they  show  that  t he  "bound¬ 
ary  layer"  approximation  to  the  Navier-Stokes  equations  is  [from  (4)] 


u  lit.  +  u- =  £. 

u  *x  *x  e  *3* 


(163) 


(i.e.,  the  pressure  term  is  neglected  because  the  stream  lines  are 
nearly  parallel) 


and  «  0  064) 

(1)  H.  Schlichting,  "Laminar  Strahlunsorectung"  ZAMN  Bd.  13,  1933. 

(2)  W.  nickley,  "Tne  Plane  Jet,"  Phil.  Mag.  7,  23,  1937. 
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The  boundary 

conditions  are 

a 

.r  "3U. 

=  o;  V  =  o,  —  =  o 

=  oO  ;  OL  =  0 

(165) 

From  equation 

(5)  the  total  jet  momentum 

=  ^  U.^  dlj  =  constant 

(166) 

The  approximate  solution  to  these  equations  is 

UL 

(167) 

(168) 

where 

(169) 

The  mass  flow  across  any  section  of  the  jet  is 


Yv\ 


J. 

3 


(  170) 


These  upproxirat ions  apply  if  M0X/£  v  is  large  and  cannot  therefore 
be  applied  to  determine  the  pressure  distribution  on  the  wall  at  X  =  0. 


C.l  Comparison  .Jith  a  Turbulent  Jet. 

Laminar  flow  is  characterized  uy  the  hewtonian  relationship 


stress 


(171) 


-  wherejdl  is  the  viscosity  of  tne  fluid  and  is  assumed  to  be  a 
constant.  One  approach  to  turbulent  mixing  problems  is  to  assume  that 
the  eddy  viscosity  €  is  statistically  constant,  and  that  laminar  solu¬ 
tions  can  be  applied  to  turbulent  phenomena  when  U  is  replaced  by  £  . 


/ 
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Writing  the  jet  momentum 


=  m,  uo 


-  we  have,  from  equation  (170), 


3302  <[A]3  (t  )* 

It  is  immediately  obvious  that  this  equation  is  quite  different  from 
eqaation  (16)  in  the  main  body  of  this  report,  implying  that  the  linear 
relationship  of  equation  (171)  cannot  De  applied  to  turDulent  mixing 
processes. 
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